We work out the expression of the generalized Bessel function of B 2 -type derived in [N. Demni, Radial Dunkl processes associated with Dihedral systems. Séminaire de Probabilités XLII]. This is done using Dijksma and Koornwinder's product formula for Jacobi polynomials [A. Dijksma and T.H. Koornwinder, Spherical Harmonics and the product of two Jacobi polynomials, Indag. Math. 33 (1971), pp. 191-196], and the obtained expression is given by multiple integrals involving only a normalized modified Bessel function and two symmetric Beta distributions. We think of that expression as the major step towards the explicit expression of the Dunkl's intertwining operator V k in the B 2 -invariant setting. Finally, we give in the same setting an explicit formula for the action of V k on a product of |y| 2κ , κ ≥ 0, and the ordinary spherical harmonic Y 4m (y) := |y| 4m cos(4mθ ), y = |y|e iθ . The obtained formula extends to all dihedral systems and it improves the one derived in [Y. Xu, Intertwining operator and h-harmonics associated with reflection group, Can. J. Math. 50 (1998), pp. 193-209].
Motivation: Dunkl's intertwining operator
The reader is referred to [3] and references therein for an extensive background on the theory of Dunkl operators. The most challenging problem in this theory is an explicit expression for the action of the so-called Dunkl intertwining operator denoted in the literature by V k . The latter is a linear isomorphism of the space polynomials in several variables which is degree-preserving, conservative (that maps a constant function to itself) and which intertwines the commutative algebra of Dunkl operators and the one of partial derivatives. A few, yet relevant, works aiming to solve the above-mentioned problem were achieved and complicated formulae for the action of V k were supplied [7, 8, 19] except in the orthogonal case corresponding to products of copies of the group Z/2Z. In that case, V k is represented by means of a multivariate Beta distribution which reduces to a symmetric one (invariant under sign changes maps) in the W -invariant setting (W is the reflection group), while for other nonorthogonal root systems multiple integrals with complicated integrands were obtained. Nevertheless, a relatively easy and elegant formula, compared with 106 N. Demni others, for the action of V k on x, · , where x ∈ R 2 is fixed and ·, · is the Euclidean scalar product, was given in [18] for the root system of type B 2 . This root system is the most elementary example of nonorthogonal root system and matches with the dihedral system of order 4, denoted by I 2 (4) and corresponding to the symmetry group of the square. A noticeable coincidence is that while the proof supplied in [18] relies heavily on the product formula for Jacobi polynomials due to Dijksma and Koornwinder [6] , the expression derived in [5] for the generalized Bessel function of dihedral type, say D W k , also involves a product of Jacobi polynomials. Thus it is quite natural and interesting to use the product formula for Jacobi polynomials in order to seek a more elegant expression for D W k in the B 2 -type setting, aiming to investigate the connection between both works [5, 6] and to have a better insight into the action of V k on B 2 -type invariant functions. In order to motivate the reader, we show below how the easy product formulae for cosine and sine functions allow, in some particular cases, to get an easy expression for D W k of B 2 -type. The general setting, corresponding to general Jacobi polynomials, is more subtle and one is far from getting (even from hoping) an easy expression for D W k as in those particular cases. Nevertheless, the formula we supply involves only a modified Bessel function and two symmetric Beta distributions and simplifies considerably for some particular values of the multiplicity function, yielding as a by-product to the positivity of D W k .
Particular cases
Recall that the even dihedral group D 2 (2p), p ≥ 2, is the symmetry group of a regular 2p-gon and that it contains two classes of reflections, with mirrors joining opposite vertices and mirrors joining the midpoints of opposite sides [14] . The following formula was derived in [5] : let x = ρe iφ , y = re iθ , where ρ, r ≥ 0 and 0
are the modified Bessel function and the j th (orthonormal) Jacobi polynomial, respectively. A similar formula holds for odd dihedral systems D 2 (n), n ≥ 1, where one has to substitute in Equation (1) 
for all y and is easily computed as follows: recall the series expansion of the modified Bessel function:
Thus, for ρ = 0, the only nonzero term in the double infinite series (after substitution of Equation (2)) corresponds to j = m = 0, therefore
is constant and has unit norm in
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The particular cases we mentioned above correspond to k 0 = k 1 = 0 and k 0 = k 1 = 1 and are referred to as the geometric cases. In the former, p −1/2,−1/2 j reduces to the orthonormal Tchebichef polynomial of the first kind defined by [11] 
since c p := c p,0 = π and where the second equality follows from [17, p. 15] ). Using the product formula 2 cos a cos b = cos(a + b) + cos(a − b), one is led to compute (both series converge as we shall see)
Now, let ξ = e iπ/p and j ∈ Z, then it is an easy exercise to prove that 1 2p
for every p ≥ 2. It follows that
Now using the generating function for Bessel functions [17, p. 14]
together with
As a result,
which is in agreement with the definition
and with the fact that the dihedral group contains 2p rotations (x → xξ s , 1 ≤ s ≤ 2p) and 2p
reduces to the (orthonormal) Tchebichef polynomial of the second kind, U j , defined by [11] 
Using the product formula 2 sin a sin b = cos(a − b) − cos(a + b), one finds with ω(r, θ) := r 2p sin(2pθ) that
The last expression agrees with
x,wy , which follows from the shift principle [7] or the reflection principle and Doob's transform [4, 12] .
Results
For general multiplicity values, the situation is far from being easy since for instance, D 
i ν being the normalized modified Bessel function 1 defined by
Denote also by µ ν the symmetric Beta distribution
Then, our first result may be stated as follows:
where γ = 2(k 0 + k 1 ). The extension to γ = 0 is performed via weak limit and one recovers (7) .
Remark Equation (10) is relatively easy and explicit regarding the existing formulae [8, 19] . Besides, we think of it as a major step towards an explicit expression for the action of V k on B 2 -invariant functions since Bessel functions enjoy a large number of nice properties. However, we do not know how to come to V k due mainly to the last term in the integrand.
which is obviously positive.
Our second result supplies for all dihedral systems, independently from the first one, an explicit formula for the action of V k on a product of |y| 
where b m,j +m is the mth coefficient in the expansion of P l 1 ,l 0 j +m (cos(4θ)) as a finite linear combination of cos(4mθ ).
Remark Proposition 1.3 shows the action of V κ on polynomials that are invariant under the group B 2 . Such results have been studied and can be derived after some manipulations from [18] , but the formula obtained here is more explicit. We did not attempt to compute the special cases in which the explicit formula of b j,m are known. This is of interest only if the formula can be further simplified or the sum in the proposition can be summed up. Note also that our formula resembles the one displayed in [9, Theorem 2, p. 13].
2. B 2 -type root system: proof of Proposition 1.1
As indicated above, this section consists of six subsections, the title of each indicates its content, aiming to orient the reader through the overwhelming yet tricky computations. Before coming into them, we want to inform the reader that usual operations performed on integrals (exchange of integration's order or limiting operations under integral signs) are easily justified due to the compactness of integration domains and to the smoothness of the involved functions.
Product formula: a first transformation
The generalized Bessel function displayed in Equation (1) reads in the B 2 -type setting
by the Gauss duplication formula. Now, recall the product formula for Jacobi polynomials 
and µ α is the symmetric Beta probability measure whose density is given by
Specializing the product formula to
by Gauss's duplication formula. Now, a useful by-product of the product formula is the following (Theorem 2.2. in [6] 
and yields with λ = γ /2
where we set
Finally, using Equation (5), one gets
An auxiliary formula
Since
and since 
(Z).
However, note that for strictly positive integer values of γ , Equation (14) may be written as
In fact, we can derive a more general similar result for
for any real number q provided that γ ≥ 1 is an integer (then extend it to strictly positive values 
for all real numbers z, ζ and from [11, 11.1.2 (18) , p. 235], the following holds:
where D Z stands for the derivative operator. Moreover, by the bound (13), one has
and since cos(j arccos Z) is a (Tchebichef) polynomial of degree j , then
where we set a := cos Z.
Odd and even values of γ
Easy computations using the last above equality yield
while if γ is odd, then
Above, we used the symbol (+) to indicate that we sum both series. For s = 2, 4, one recovers Equation (14) and both series displayed there contribute to
Let i ν denote the normalized modified Bessel function already defined in Equation (8) . It has the Poisson integral representation for ν > −1/2 [11, p. 81]:
Therefore, one gets with ν = (γ − 1)/2,
With regard to Equation (15) , one then needs to integrate
for even γ ≥ 2. 
A positive-definite function
One tricky way to compute Equation (18) is to use the positive-definiteness of Z → cosh(t √ 1 − Z 2 ) for all real t. In fact, the following Bochner representation holds and is easily derived from [13, 6.645.3] by an analytic continuation
where ν t is the symmetric measure
Thus, one has for even γ
Using Fubini's theorem, it follows that
and the integral between brackets is nothing but the spherical Bessel function j (γ −1)/2 defined by j ν (z) := i ν (iz) so that
With regard to Equations (15) and (7),
Now, using the expansions of j γ −1/2 and I 1 , one has
2 ρr
Using the formula [2, 11.4 
one finally sees that (19) 
Finally,
which extends to all strictly positive integer values of γ as being zero at odd values. Now, let γ be an odd positive integer, then by the virtue of Equation (16), it remains only to integrate
for fixed u, v ∈ [−1, 1] and t ∈ [0, ρr]. Using Leibniz's rule, one gets
With regard to Equations (17), (20) and (24), one gets the integrand of Equation (10) for all strictly positive integers γ , which we shall extend in the following subsection to strictly positive real values of γ .
Extension to (γ) > 0
Equation (10) extends to all complex values of γ lying in the open right half-plane in a similar way as in [6, remark, p. 194] . The extension needs an exponential growth of both sides of Equation (10) viewed as functions of the variable γ . To see this, we start with rewriting the LHS of Equation (10) for z ∈ R and positive large enough ν. Thus, the LHS of Equation (10) Using the bound (13), Stirling's formula and since µ (γ −1)/2 has unit mass, then the LHS of Equation (10) Coming to the RHS of Equation (10), note that ((γ + 1)/2)i (γ −1)/2 (z) is bounded by e |z| (as a function of γ for fixed z ∈ R), thereby so are Equations (17) 
